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Abstract
A new tensor D is introduced which is constructed from the Lanc-
zos potential and is of the same form as that of the Weyl tensor C
expressed in terms of the Lanczos potential except that covariant dif-
ferentiation is replaced by transvection with a vector v. The new tensor
has associated invariants C ·D and D2, the first of these can be inter-
preted as a Chern-Simons term for Weyl C2 gravity. Both invariants
allow various tensors to be constructed and some of the properties of
these are investigated by using exact examples.
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1 Introduction.
Chern-Simons theory [1] is characterized by being a theory which unlike the
Proca equation introduces a constant coupled mass without breaking gauge
invariance, and unlike the Higgs mecahinism by adding additional fields.
One way of incorporating Chern-Simons theory in gravity is by using the
Christoffel symbol as the connection to be coupled to a constant mass [5],[3];
another approach is to consider the Lanczos potential as the connection and
this is what is investigated here. Following through the analogy with electro-
magnetism the Lanczos potential corresponds to the vector potential and the
Weyl lagrangian C2 corresponds to the electromagnetic lagrangian −F 2/4:
thus the gravitational theory is a generalization of Weyl theory rather than
Einstein’s general relativity. Lanczos introduced several tensors into gravi-
tational theory, the one used here is his potential for the Weyl tensor [6],[2].
The Lanczos potential has at least five applications to gravitational the-
ory. The first is to Chern-Simons theory, where the similarity between the
Lanczos potential and the vector potential of electromagnetism can be ex-
ploited, here this is investigated for the first time. The second is to the study
of gravitational energy. The Bel-Robinson tensor is a tensorial expression
of gravitational energy. It has two drawbacks: it is of dimension energy
squared rather than energy, this can be overcome by using the Lanczos po-
tential rather than the Weyl tensor [13]; and more importantly it is a tensor
and so is frame invariant whereas gravitational energy can be taken to zero
by moving the observer into a freely falling frame. The third, fourth and
fifth applications of the Lanczos potential are to: gravitational entropy [7],
the Aharonov-Bohm effect [15], and dimensional reduction [13] respectively:
these are not looked at here.
In section 2 the Lanczos potential is introduced. Section 3 is a very brief
description of electromagnetic Chern-Simons theory. Section 4 presents a
new tensor constructed from the Lanczos potential which allows analogs of
Chern-Simons theory to be studied. The new tensor cannot yet be studied
via approximation, because the expansion for the Lanczos potential is only
known to lowest order in the vacuum, and so has to be studied using exact
spacetimes, this is done in section 5. The final section 6 is the conclusion.
Some conventions used are p is taken to be the projection tensor so that
h can be used as a weak metric perturbation. The decomposition of the
covariant derivative of a vector field [4] page 83 is taken to be
Va;b = ωab + σab +
1
3
θpab − V˙aVb, (1)
2
where vorticity tensor, expansion tensor, expansion scalar and shear are
ωab = p
c
a p
d
b V[c;d], θab = p
c
a p
d
b V(c;d), θ = V
a
.;a, σab = θab −
1
3
pabθ, (2)
respectively. The signature is taken to be (-,+,+,+). Indices are left off
tensors when it is hoped that the ellipsis is clear. Calculations were carried
out using GRTensorII [8].
2 The Lanczos potential.
The field equations of general relativity can be re-written in a form analogous
to Maxwell’s equations F ba.;b = Ja called Jordan’s form [4] page 85
C dabc.;d = Jabc, Jabc = Rca;b −Rcb;a +
1
6
gcbR;a − 1
6
gcaR;b, (3)
where if field equations are assumed the Ricci tensor and scalar on the
right hand side can be replaced by stress tensors. The Weyl tensor can be
expressed in terms of the Lanczos potential [6, 11, 13]
Cabcd =
1
Cabcd +
2
Cabcd +
3
Cabcd (4)
1
Cabcd ≡ Habc;d −Habd;c +Hcda;b −Hcdb;a,
3
Cabcd≡ 4
(1− d)(2− d)H
ef
..e;f(gacgbd − gadgbc),
2
Cabcd ≡ 1
(2− d) {gac(Hbd +Hdb)− gad(Hbc +Hcb) + gbd(Hac +Hca)− gbc(Had +Hda)} ,
where the coefficients of
2
C and
3
C are fixed by requiring that the Weyl tensor
obeys the trace condition Ca.bad = 0; note that in [13] the d = 4 values was
assumed to hold in higher dimension. Hbd is defined by
Hbd ≡ H eb.d;e −H eb.e;d. (5)
The Lanczos potential has the symmetries
2H[ab]c ≡ Habc +Hbac = 0, 6H[abc] ≡ Habc +Hbca +Hcab = 0. (6)
Equation 4 is invariant under the algebraic gauge transformation
Habc → H ′abc = Habc + χagbc − χbgac, (7)
where χa is an arbitrary four vector, this transformation again fixes the
coefficients of
2
C and
3
C .
3
In four dimensions the Lanczos potential with the above symmetries has
twenty degrees of freedom, but the Weyl tensor has ten. Lanczos [6] reduced
the degrees of freedom to ten by choosing the algebraic gauge condition
3χa = H
b
a.b = 0, (8)
and the differential gauge condition
Lab = H
c
ab.;c = 0. (9)
The differential gauge is different from the gauges in electromagnetic the-
ory because a differential gauge transformation alters components which do
not participate in constructing the Weyl tensor: in electromagnetic theory a
gauge transformation alters components in the vector potential all of which
participate in constructing the electromagnetic tensor. The Lanczos poten-
tial has the weak field expansion [6]
weak
H abc=
1
4
(hac,b − hbc,a) + 1
24
(h,aηbc − h,bηac) , (10)
this expansion assumes that the current 3 vanishes J = 0.
3 Chern-Simons theory.
In electromagnetic Chern-Simons theory one has has the lagrangian
L = LEM+LCS , LEM = −1
4
F 2, LCS = 1
2
vaAb
∗
Fab, F
2 = FabF
ab (11)
if v is a timelike vector then it can be used to define a magnetic field Bb ≡
va
∗
F ab and the lagrangian 11 can be written as LCS = 12A · B, variation of
11 with respect to A gives
F ab.. ;b + vb
∗
F ab= 0, (12)
varying with respect to the metric gives
TEMab = FacF
c
b −
1
4
F 2gab, T
CS
ab = −2v[aAc]
∗
F
c
b +
1
2
gabv
cAd
∗
F cd, (13)
the Chern-Simons metric stress is not necessarily symmetric, but using the
asymmetry of
∗
F it is trace free.
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4 The new tensor.
The simplest analog of Chern-Simons theory involving the Lanczos potential
is
L = C2 +D · C, C2 ≡ CabcdCabcd, D=
1
D +
2
D +
3
D, (14)
1
Dabcd≡ Habcvd −Habdvc +Hcdavb −Hcdbva,
3
Dabcd≡ 4
(1− d)(2− d) (gacgbd − gadgbc)H
e
.fev
f ,
2
Dabcd≡ 1
(2− d)
{
gac((Hbed +Hdeb)v
e −H eb.evd −H ed.evb) + perm
}
,
in other wordsD has the same form as 4 except that the covariant derivatives
are replaced by transvection with v. This choice of D respects both gauge
invariance under 7 and the symmetries of the Weyl tensor. Three variants
of the above are: firstly to choose the first covariant derivative of the Weyl
tensor so that there are terms of the form µHabcC
abcd
....;d, this would allow
the coupling constant µ to be index free, this is not done so as to keep the
differential order as low as possible, secondly to use the permutation symbol
ǫabcd [14], this could be applied in at least four places over the first pair
of indices ǫab..efµ
[eHf ]cd or the second, third, or fourth pair or combinations
of this, this is perhaps closer to Chern-Simons theory in that there is a
permutation symbol present, but terms involving permutation symbols are
only looked at briefly here for simplicity, thirdly use the magnetic part of
the Weyl tensor to choose lagrangians such as LCSmag1 = µcHabcBab or
LCSmag2 = µaHabcBbc, however using the symmetry Bab = B(ab) and 6
gives vanishing Lanczos potential.
In D · C the 2D and
3
D terms vanish when transvected with C, but
are included so that D is gauge invariant and obeys the trace condition
Da.bad = 0. Varying 14 with respect to the vector field gives 4HabcC
abc
i,
requiring that this vanished causes H = 0 and the problem degenerates.
There are two ways around this: firstly in LCS in 11 variation with respect
to the vector field v is simply ignored as v is fixed before the problem is
approached, secondly just add a term to the lagrangian 11 Lw = 2w2 where
w is a dynamical vector field as opposed to fixed v then wi +HabcC
abc
i = 0,
this has at least three disadvantages: firstly w is not necessarily timelike,
secondly w is dependent on the gauge 8, thirdly and adding Lw detracts
from the simplicity of the lagrangian 14. Varying 14 with respect to H and
dividing by −4 gives
Zabc ≡ 2C eabc.;e −Cabceve +D eabc.;e = 0, (15)
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the last term does not simplify when written explicitly in terms of H. The
coupling constant µ has been absorbed into v and so occurs in the second
and third terms but not the first.
Like the Weyl tensor D can be decomposed into electric and magnetic
parts
D
EV ab= DacbdV
cV d,
D
HV ab=
∗
Dabcd V
cV d ≡ 1
2
ǫacefD
ef
..bdV
cV d, (16)
here the vector fields used in 16 and 14 are usually taken to be the same
V = v.
Once one has an expression for energy one can ask what is the associated
Poynting vector. For electromagnetism one has energy density T 00 = (E2+
B2)/2 and P i = T i0 = (ExB)i, in four vector notation this is P a = T a.bV
b
and P is called the Poynting vector and is conserved if both the stress and the
vector field V are conserved. A geometric way of approaching conservation is
through the Bianchi identity; for the Weyl tensor the Bianchi identity can be
expressed by 3 assuming vanishing matter and a covariantly conserved vector
field this is obeyed if P a = Ea.bV
b, however substituting the transvected Weyl
for the electric field the symmetries of the Weyl tensor give that this always
vanishes. Proceeding by analogy with the electromagnetic case the total
energy is always the sum of the squares of the electric and magnetic parts
Totv = E2 +H2, (17)
and the Poynting vector is
P a =
(
E2 +B2
)
V a + ǫabcdEbeB
e
c Vd, (18)
the properties that one wants to know are whether it is conserved and its
causality, in other words whether it is timelike, null or spacelike. When the
magnetic part vanishes P a = E2V a so that P 2a = E
4V 2a is timelike.
The lagrangian LD = D2 can also be considered, varying with respect to
H gives 8Dabcev
e which is too restrictive, varying with respect to g gives a
metric stress which when put in dual form has a −6D term and −2 ∗D term
which is unbalanced and so is aesthetically unpleasing hence this lagrangian
is not considered anymore here. The lagrangian L = D · C might have an
interpretation as entropy.
5 Exact examples
Five exact spacetimes are used.
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5.1 Schwarzschild spacetime.
The schwarzschild solution has line element [4]§5.5
ds2 = −
(
1− 2m
r
)
dt2 +
(
1− 2m
r
)
−1
dr2 + r2dθ2 + r2 sin(θ)2dφ2. (19)
An acceleration-free vector is
va =
[
1,
√
2m
r
(
1− 2m
r
)
, 0, 0
]
, (20)
this vector has acceleration, vorticity, expansion,
v˙a = 0,
v
ωab= 0,
v
Θ=
3
r2
√
mr
2
, (21)
shear
v
σab=
√
mr
2


−4r−3 −2√2mrr−2(r − 2m)−1 0 0
−2√2mrr−2(r − 2m)−1 −2(r − 2m)−2 0 0
0 0 1 0
0 0 0 sin(θ)2

 ,(22)
electric part of the Weyl tensor and covariant derivative of 20 squared are
C
Evab=
1
r
√
2m
r
σab, va;bv
a;b =
9m
2r3
. (23)
A choice for the Lanczos tensor, compare [9], is
Habc = 2
(
1
3
v
σc[a +β
v
Θ hpc[a)vb]
)
, (24)
the constant β does not contribute to the Weyl tensor when substituted into
4, but it does contribute to the gauges 8, 9. For tensors constructed from
D there is no differentiation and a more general vector than 20 can be used
wa = [wt, wr, 0, 0] , (25)
using this vector
D
Ewab=
1
3
mwr


2(2 − 2m)2w2rr−4 2wtwrr−2 0 0
2wtwrr
−2 2w2t (r − 2m)−2 0 0
0 0 w2a 0
0 0 0 sin(θ)2w2a

 .(26)
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The total energy measured by D, the Bel-Robinson tensor and D invariants
are
Totw =
2m2w2rw
4
a
3r4
, TBR =
6m2w4a
r6
, D·C = −16m
2wr
r5
, D·D = 16m
2w2r
3r4
,
(27)
H ·H is not gauge invariant, note that many of 27 vanish when the compo-
nent wr = 0 or when the vector is null w
2
a = 0. A Poynting vector 18 can
be defined, it is non-vanishing and conserved when
wt(r) = (r − 2m)
√
1 +A(r − 2m)− 32 rn wr, (28)
A and wr are non-vanishing constants, n = 7/2 for Poynting vector 18 con-
structed from the Weyl tensor and n = 5/2 Poynting vector 18 constructed
from 14.
Under a conformal transformation [4] page 42
gˆab = Ω
2gab, (29)
in general it is not known how the Lanczos potential transforms under a
conformal transformation, therefore consider the transformation
Hˆabc = f(Ω)Ω
2Habc, (30)
if the Schwarzschild line element 19 is transformed using 29, substituting 30
into 3, one arrives at a differential equation
rΩ,r
(
Ω
df
dΩ
− f
)
+ 3Ω(1− f) = 0, (31)
which gives f for fixed Ω. Equation 31 appears not to have a general solu-
tion; taking simple examples of conformal transformation Ω, f takes forms
involving expressions such as exponential integrals. 31 illustrates that Lanc-
zos potential H does not transform in the form 30 in other words the Lanczos
potential does not transform by multiplication of a function of the conformal
factor.
Schwarzschild spacetime can be modified by replacing the Newtonian
potential by the Yukawa potential m/r → m exp(kr)/r in the line element,
then the Lanczos potential is
Htrt = exp(kr)
(
1− kr
2
)
m
r2
(32)
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using the vector field
wa = [wt(r), wr(r), 0, 0] , (33)
the field equations 15 have two types of non-vanishing components
Ztrr = f1(r)wt(r), Ztrt = f2(r)ode(wr(r)), (34)
ode(wr(r)) ≡ 2k(2 − 2r + k2r2) + µ(kr − 2) (4wr(r) + r wr(r),r) ,
Ztrr only vanishes when: either f1 = 0 which is at fixed values of r, or
when wt(r) = 0. Ztrt vanishes when the ordinary differential equation ode
is satisfied
wr(r) = − 2
15k3µr4
(
3k5r5 + 10k3r3 + 30k2r2 + 120kr + 240 ln(kr − 2)) ,
(35)
as this solution has a vector field 33 with radial component and no time
component it is spacelike rather than timelike; also this solution does not
relate the constant k to the coupling constant µ.
5.2 Imploding scalar energy.
An imploding scalar field [10] [12] can be expressed
ds2 = −(1 + 2σ)dv2 + 2dvdr + r(r − 2σv)(dθ2 + sin(θ)2dφ2),
φ =
1
2
ln
(
1− 2σv
r
)
, (36)
it is a solution to the scalar-Einstein equations
Rab = 2φaφb. (37)
The Ricci scalar is
R =
2σ2uv
r2(r − 2σv)2 , u ≡ (1 + 2σ)v − 2r, (38)
where u is the complimentary null coordinate to v. The solution is charac-
terized by two scalar quantities, the scalar field φ in 36 and the potential
for a homothetic gradient Killing vector
k = kcuv, (39)
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kc is a constant and the homothetic conformal factor is −2kc. Some prop-
erties of these two objects are
φ˙ ≡ φaka = 0, k2a = −4k2cuv, (40)
note that by 38, φ2a = R/2 so that φ and k are of opposite causal direction.
The Weyl tensor is
Cabcd = − x
12
ga[cgd]bR, (41)
x = 1 for abcd = vθvθ, vθrθ,
x = 2 for abcd = vrvr, θφθφ.
By trial and error the Lanczos tensor is found to be
Hvrv =
f(v, r)
3σ2v2r(r − 2σv) , f(v, r) ≡ 2r
3 − 6σvr2 + 3σ2v2r + (1 + 2σ)σ3v3,
(42)
f obeys the partial differential equation rf,r + vf,v = 3f . H · H is a null
tensor although this only remains the case under gauge transformations 7
in which the gauge vector is null. Assuming the field equations of general
relativity, up to a coupling constant, the weak energy condition [4] §4.3 is
W ≡ GabV aV b ≥ 0, (43)
using the Killing vector 39, 43 is
W = Gabkakb = 2k
2
cuvR = −
1
2
k2aR =
k2c
σ2
r2(r − 2σv)2R2 ≥ 0. (44)
Defining
Aab ≡ r(r − 2σv)
σ2v
Rab − u
(
δθθab + sin(θ)
2δφφab
)
, (45)
then
C
Ekab=
4σ2k2cv
2u
3r(r − 2σv)Aab,
D
Ekab=
8σ2k2cf
9σ2
Aab, (46)
the Bel-Robinson energy and the energy from 16 and 17 are
k
TBR=
8k4c
3
R2, T otk =
128k6cu
2f2
27σ4r2(r − 2σv)2 , (47)
respectively. The invariants constructed from D are
D · C = 32kcuf
9r3(r − 2σv)3 , D ·D =
64k2c f
2
27σ4v2r2(r − 2σv)2 . (48)
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5.3 Kasner spacetime.
The Kasner solution has line element
ds2 = −dt2 + t2p1dx2 + t2p2dy2 + t2p3dz2, (49)
it is a vacuum solution when
p1 + p2 + p3 = 1, p
2
1 + p
2
2 + p
2
3 = 1. (50)
An acceleration-free vector is
va = δat , v˙ = 0,
v
ωab= 0,
v
Θ=
1
t
, (51)
v
σab=
1
3t
diag
[
0, (2p1 − p2 − p3)t2p1 , (2p2 − p1 − p3)t2p2 , (2p3 − p1 − p2)t2p3
]
.
The Lanczos potential can again be taken of the form 24, the gauges 8, 9
are
Lab = 0, χ
a = −3β
t
δat , (52)
again
C
Eab= σab/3 giving
Totv =
2
27t2
, (53)
whereas va;bv
a;b = 1/t2. The energy squared as measured by the Bel-
Robinson tensor is
TBR =
8
27t4
, (54)
which is an eighth of the Kretschmann invariant. Invariants constructed
from D are D2 = 8Totv and D · C = 32/27t3.
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5.4 Plane wave spacetime.
The plane wave [4]§5.9 has line element
ds2 = 2dudv + dy2 + dz2 +W (y, z, u)du2, (55)
up to symmetry the Riemann, Ricci and Weyl tensors are
Ruiuj = −12W,ij, Ruu = −12(W,yy +W,zz), R = 0,
Cuyuy =
1
4(−W,yy +W,zz), Cuyuz = −12W,yz, (56)
where i, j = y, z. The Lanczos potential is
Huiu = −1
4
W,i, χ
a = 0, Lab = 0. (57)
Rather than the null killing vector ka = δav choose the unit time-like vector
field
va =
[
0,W−
1
2 , 0, 0
]
, (58)
up to symmetry the electric and magnetic components of the Weyl tensor
are
Eyy = −Hyz = −W,yy +W,zz
4W
, Eyz = Hyy =
W,yz
2W
, (59)
giving Bel-Robinson energy
TBR =
1
4W 2
(
(W,yy −W,zz)2 + 4W 2,yz
)
. (60)
The Poynting vector 18 constructed from the Weyl tensor is
Pa =
1
2
√
W
TBR [−W, 1, 0, 0] , (61)
and it is always timelike as P 2a = −3T 2BR/4, whether it is conserved depends
on the specific form of W . The electric and magnetic parts of D are
1
8
√
W
=
D
Eui= −
D
Evi= −
D
Hui∗=
D
Hvi∗ , (62)
where i∗ is the conjugate of i, i.e. y ←→ z. 62 gives total energy from 16
and 17
Totv =
1
16W 2
(
W 2,y +W
2
,z
)
. (63)
The Poynting vector 18 constructed from D is
D
P a=
1
64
√
WTotv [−1, 3, 0, 0] , (64)
and it is always timelike as
D
P
2
a= −15Tot2/16, whether it is conserved de-
pends on the specific form of W .
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5.5 Levi-Cevita spacetime.
The line element is
ds2 = −r4σdt2 + r4σ(2σ−1)(dr2 + dz2) +C−2r2(1−2σ)dφ2, (65)
where σ is the mass per unit length and C is the angular defect. It is a
vacuum solution with Weyl tensor
Crzrz = 2σ(2σ − 1)r2(4σ2−2σ−1), Cφtφt = −2C−2σ(3σ − 1)r−4σ(2σ−1) , (66)
Crφrφ = −2σCzφzφ = −4C−2σ2(2σ − 1)r−4σ, Cztzt = −2σCrtrt = 4σ2(2σ − 1)r2(2σ−1).
The Kretschmann curvature invariant is
K = 64σ2(2σ − 1)2(4σ2 − 2σ + 1)r−4(4σ2−2σ+1). (67)
The Lanczos potential is
Htrt = 2σr
4σ−1, Lab = 0, χa =
2σ
r
. (68)
Using a unit time-like vector field
va = r
2σδta, v˙a =
2σ
r
δra, vr;t = −2σr(2σ−1),
va;bv
a;b = −4σ2r−2(4σ2−2σ+1), TBR = 18K, (69)
which has vanishing quantities Θ = ωab = σab =
Dv
H ab= 0, and an electric
part of the Weyl tensor
Eab = diag
[
0,−2σ(2σ − 1)
2
r2
,
4σ2(2σ − 1)
r2
,−2σ(2σ − 1)
C2
r−8σ
2
]
. (70)
With the vector field 69, D = 0; other choices of vector field give long
expressions for D, so that the only energy expression given here is the Bel-
Robinson energy in 69.
13
6 Conclusion.
It is possible to say a lot about energy constructed from the transvected
Lanczos tensor 14, as illustrated by the exact examples. The objects are of
the correct dimension but often turn out to be zero or proportional to objects
such as the shear of the vector field squared. This suggests that the energy
measured by an observer with vector v should be some linear combination
of shear squared, vorticity squared and other Raychaudhuri equation terms.
Simplicity suggests that the energy measured by v is just va;bv
a;b, however
when this is squared in the examples it gives a larger quantity than the Bel-
Robinson energy. In general all the energy objects are very sensitive to the
vector field chosen; this is simply illustrated by the objects for Schwarzscild
spacetime 27, where one can see for example that taking a component wr of
the vector field to vanish or taking the vector to be null gives many objects
vanishing.
In contrast it is very difficult to say anything at all about D · C as
a Chern-Simons term. Once D has been defined 14, the analogy with
electromagnetism follows through simply. Weak field analysis using 10
does not work as the derivation of 10 uses J = 0 so that the field equa-
tions 15 degenerate. A perturbations off rectilinear flat spacetime gives
hta = (Aδ
t
a + Bδ
x
a + Cδ
y
a +Dδza) exp(µt/2). To proceed using exact space-
times one has to guess how to modify a known exact solution and then
calculate the Lanczos potential. Calculation of the Lanczos potential is a
problem in its own right. Then one has to search for non-degenerate solu-
tions to 15. Degenerate solutions in which the first term vanishes J = 0
do not fix the coupling constant µ. So far this procedure has only worked
for Schwarzschild spacetime. The exact modification of Schwarzschild space-
time 35 has vector field w spacelike and so cannot be the path of an observer.
Future evaluation of the suitability of D · C as a Chern-Simons term seems
to await a generalization of the approximation 10 for non-vacuum space-
times.
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